Orthogonal exceptional collections from $\mathbb{Q}$-Gorenstein
  degeneration of surfaces by Cho, Yonghwa
ar
X
iv
:2
00
5.
09
88
4v
1 
 [m
ath
.A
G]
  2
0 M
ay
 20
20
ORTHOGONAL EXCEPTIONAL COLLECTIONS FROM Q-GORENSTEIN
DEGENERATION OF SURFACES
CHO, YONGHWA
Abstract. We consider a surface that admits a Q-Gorenstein degeneration to a cyclic quotient
singularity 1
dn2
(1, dna − 1). Under several technical assumptions, we construct d exceptional vector
bundles of rank n which are orthogonal to each other.
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1. Introduction
Let X/(0 ∈ ∆) be a one parameter deformation of a complex normal projective surface X0 with at
worst quotient singularities. The deformation X/(0 ∈ ∆) is said to be Q-Gorenstein if KX is Q-Cartier.
Locally, a quotient singularity admitting a Q-Gorenstein smoothing is either a rational double point
or a cyclic quotient singularity 1dn2 (1, dna − 1) where d, n, a > 0 are integers with n > a > 0 and
gcd(n, a) = 1. The singularity in the latter is called a singularity of class T . In the case d = 1 we call
1
n2 (1, na− 1) a Wahl singularity.
On a surface with aWahl singularity and pg = q = 0, Q-Gorenstein smoothing of the Wahl singularity
gives rise to an exceptional vector bundle (a vector bundle E such that
⊕
p Ext
p(E,E) = C) on the
general fiber (Hacking [6]). A natural question follows:
What can be said if one considers a Q-Gorenstein smoothing of 1dn2 (1, dna − 1) with
d > 1?
The article concerns an answer to this question.
Theorem 1.1 (see Theorem 5.3 for details). Let X be a normal projective surface with H1(OX) =
H2(OX) = 0, let (P ∈ X) ≃ 1dn2 (1, dna − 1) be a singularity of class T, and let X/(0 ∈ ∆) be a
Q-Gorenstein smoothing of X. Assume there exists a Weil divisor D ∈ ClX such that D is Cartier
except at P and the image of D along ClX → H2(X ;Z)→ H1(L;Z), where L is the link of (P ∈ X),
generates H1(L;Z)/n
2. After a finite base change (0 ∈ ∆′) → (0 ∈ ∆), there exist exceptional vector
1
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bundles E1, . . . , Ed on the general fiber S := Xt such that rankEk = n and ExtpS(Ek, Eℓ) = 0 for each
p, k 6= ℓ.
The theorem is motivated from comparing degenerations of del Pezzo surfaces and three block
collections ([10]). Suppose X is a normal projective surface with quotient singularities admitting Q-
Gorenstein smoothing to P2. Then, X is isomorphic to either P2(a2, b2, c2), where (a, b, c) is a solution
to Markov equation a2 + b2 + c2 = 3abc, or a partial smoothing of one of these weighted projective
planes (Manetti [12], Hacking-Prokhorov [8]). It can be shown that P(a2, b2, c2) has only Wahl singu-
larities. We may apply the construction method in [6] to produce three exceptional vector bundles of
respective ranks a, b, c on P2, which form a full exceptional collection in Db(P2). Conversely, every full
exceptional collection in Db(P2) arises in this way (cf. Gorodentsev-Rudakov [5], Rudakov [14]).
In general, it is difficult to find equations classifying full exceptional collections in del Pezzo surfaces.
We narrow down our interests into three block collections, namely, the full exceptional collections of
the form
〈E11 , . . . , E1d1 , E21 , . . . , E2d2 , E31 , . . . , E3d3 〉.
The term “block” refers to each subcollection 〈Ek1 , . . . , Ekdk 〉. In each block, the objects are vector
bundles of the same rank, and Extp(Eki , E
k
j ) = 0 for each p, k and i 6= j. In three block collections,
one may associate Markov type equations as follows. Let rk be the rank of the object E
k
i . Then, the
equation
d1r
2
1 + d2r
2
2 + d3r
2
3 = λr1r2r3, λ =
√
K2Xd1d2d3 (1.1)
holds. These equations play a central role in the classification problem of three block collections(Karpov-
Nogin [10]). The equations (1.1) also emerge in the classification problem of Q-Gorenstein degenerations
of del Pezzo surfaces. One of the main results of [8] says the following. Let X be a normal projective
toric surface with Picard number one that admits a Q-Gorenstein smoothing to a del Pezzo surface.
Then, X is one of the (fake) weighted projective spaces having three singular points 1
dir2i
(1, diriai− 1).
Comparing with the result of [6], it is natural to expect that each singularity contributes each block in
the three block collection.
Notations and conventions.
• We always work over the field of complex numbers.
• For a complex analytic space X and a point P ∈ X , (P ∈ X ) denotes the germ of analytic
neighborhoods at P . The readers who prefer algebraic language may replace X by an algebraic
C-scheme, (P ∈ X ) by a germ of étale neighborhoods, and (0 ∈ ∆) (∆ a complex disk) by
(0 ∈ T ) (T an algebraic curve smooth at 0).
• Let µr be the cyclic group generated by the rth root of unity ζr = exp(2π
√−1/r). For an integer
a1, . . . , am with gcd(r,m) = 1, we define the action
µr × Cm → Cm, ζr · (z1, . . . , zm) = (ζa1r z1, . . . , ζamr zm).
The singularity (0 ∈ Cm/µr) is denoted by
(
0 ∈ Cm/ 1r (a1, . . . , am)
)
, or more simply, 1r (a1, . . . , am).
• The Weil divisor class group is denoted by ClX , and OX(D) is the reflexive sheaf of rank one
associated to D ∈ ClX .
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• Given a family X/(0 ∈ ∆) and a sheaf E over X , the restriction E∣∣
Xt
is simply denoted by Et.
• For a smooth projective variety X , Db(X) = Db(CohX) is the bounded derived category of
coherent sheaves on X . Given a set of objects A ⊂ Db(X), 〈A〉 denotes the smallest C-linear full
triangulated subcategory containing A.
2. Exceptional collections
Let V be a smooth projective variety, and let Db(V ) be the (bounded) derived category of coherent
sheaves on V . We are interested in the decomposition of Db(V ) into smaller pieces. One natural
attempts is to consider orthogonal decompositions, namely, the decomposition Db(V ) = 〈T1, T2〉 such
that
HomDb(V )(T1, T2) = HomDb(V )(T2, T1) = 0, for all T1 ∈ T1 and T2 ∈ T2.
However, there is no orthogonal decomposition unless V is disconnected ([9, Proposition 3.10]). Dis-
carding the condition HomDb(V )(T1, T2) = 0, one obtains the notion of semiorthogonal decomposition,
which is more interesting than the orthogonal decompositions.
Definition 2.1. The full triangulated subcategories T1, T2 ⊂ Db(V ) form a semiorthogonal decompo-
sition if the following holds:
(a) Db(V ) = 〈 T1, T2 〉;
(b) HomDb(V )(T2, T1) = 0 for any T1 ∈ T1, T2 ∈ T2.
The category T2 is said to be left orthogonal to T1, and is denoted by ⊥T1. Similarly, T1 = T ⊥2 is right
orthogonal to T2.
Once the notion of decomposition is established, one needs to find the natural candidates of the
components. The simplest possible component would be the derived category Db(SpecC) of a point.
The structure of Db(SpecC) is rather simple; indeed, every object is isomorphic to a complex of the
form
finite⊕
p
Crp [−p] = (. . .→ Crp−1 0−→ Crp 0−→ Crp+1 → . . .).
Assume that Db(V ) contains Db(SpecC) as a semiorthogonal component. Then, the embedding
Φ: Db(SpecC) →֒ Db(V ) is determined by the image of the complex C = (. . . → 0 → C → 0 → . . .)
supported at degree 0. The object E := Φ(C) is called an exceptional object. We may reformulate the
definition intrinsically as follows.
Definition 2.2. An object E ∈ Db(V ) is exceptional if
HomDb(V )(E,E[p]) =


C p = 0
0 p 6= 0
.
Given an exceptional objectE1, one may define the semiorthogonal decompositionsD
b(V ) = 〈E1,A〉,
where A = 〈{A ∈ Db(V ) : Hom(A,E1[p]) = 0, ∀p}〉 is the category left orthogonal to 〈E1〉. In
some cases, it is possible to find another semiorthogonal complement Db(SpecC)
∼−→ 〈E2〉 ⊂ A.
Repeating this procedure, we have an ordered set of exceptional objects E1, . . . , En ∈ Db(V ) satisfying
the semiorthogonality condition. This suggests the following definition.
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Definition 2.3.
(a) An ordered set of exceptional objects E1, . . . , En ∈ Db(V ) is called an exceptional collection if
HomDb(V )(Ei+k, Ei[p]) = 0, for every p and k > 0.
An exceptional collection E1, . . . , En ∈ Db(V ) is said to be full if
Db(V ) = 〈E1, . . . , En〉.
(b) An orthogonal collection is an ordered set (E1, . . . , En) of exceptional objects that is completely
orthogonal, namely,
HomDb(V )(Ei+k, Ei[p]) = 0, for each p and k 6= 0.
3. Singularities of class T and their Q-Gorenstein deformations
Let X ⊂ PN be a complex surface, and let P ∈ X be a normal singularity. We may take a sufficiently
small ball BP ⊂ PN at P . Let B = BP ∩X . The boundary L of B is called the link of the singularity
(P ∈ X). The link is known to capture various topological nature of (P ∈ X)
Theorem 3.1 (Mumford [13]). Let π : Y → (P ∈ X) be a resolution of (P ∈ X). Assume that the
exceptional divisor E1 ∪ . . . ∪ Er of π is simple normal crossing. Let αi be a loop around Ei oriented
by
∫
αi
f−1i dfi = 2π
√−1, where (fi = 0) is a local defining equation of Ei. Then, the H1(L;Z) has the
group presentation:
H1(L;Z) =
〈
α1, . . . , αr :
r∑
j=1
(Ei.Ej)αj = 0, ∀i = 1, . . . , r
〉
.
The Mayer-Vietoris sequence associated to X = (X \B)∪B defines the map H2(X ;Z)→ H1(L;Z).
Composition with the cycle class map ClX → H2(X ;Z) defines
γ : ClX → H1(L;Z), D 7→
∑
j
(D′.Ej)αj . (3.1)
where D′ ∈ ClY is a divisor such that π∗D′ = D. Thanks to Theorem 3.1, the right hand side of (3.1)
does not depend on the choice of D′. For instance, if one replaces D′ by D′ + E1, then
∑
j
(D′ + E1 . Ej)αj =
∑
j
(D′.Ej)αj +
∑
j
(E1.Ej)αj
=
∑
j
(D′.Ej)αj .
The above observation leads to the following proposition.
Proposition 3.2. Let D′ ∈ ClY and D := π∗D′ ∈ ClX. There is a one-to-one correspondence
{
D′ +
∑
j
ajEj ∈ ClY : a1, . . . , ar ∈ Z
}↔ {(k1, . . . , kr) ∈ Zr : γ(D) =∑
j
kjαj
}
given by D′′ 7→ ((D′′.E1), . . . , (D′′.Er)).
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Proof. Let D′′ = D′ +
∑
j ajEj and define the column vectors d
′′, d′, k, a having entries as (D′′.Ei),
(D′.Ei), ki, ai, respectively. Let A =
(
(Ei.Ej)
)
i,j
be the intersection matrix. Then, we have
d
′′ = d′ +Aa.
Now, bijectivity follows since A is negative definite (see [2, Corollary 2.7]). 
For a cyclic quotient singularity 1m (1, q), the exceptional locus of the minimal resolution forms a
chain of smooth rational curves. Let
E1 E2
· · ·
Er
be the dual intersection graph of the exceptional curves, and let bi = −(Ei.Ei) > 0. The numbers m, q
are recovered from the Hirzebruch-Jung continued fraction
m
q
= [b1, . . . , br] := b1 − 1
b2 − 1...− 1
br
.
Proposition 3.3. Let A(b1, . . . , br) be the matrix


b1 −1 0 . . . 0 0
−1 b2 −1 . . . 0 0
...
. . .
...
0 0 0 . . . br−1 −1
0 0 0 . . . −1 br


,
and let G(b1, . . . , br) be the group generated by the symbols α1, . . . , αr, subject to the relations
A(b1, . . . , br)


α1
...
αr

 = 0.
Then, αk = detA(b1, . . . , bk−1) · α1 for each k = 2, . . . , r. Furthermore,
m = detA(b1, . . . , br), q = detA(b2, . . . , br).
Proof. We have a recurrence formula
A(b1, . . . , bk) = bkA(b1, . . . , bk−1)−A(b1, . . . , bk−2), k ≥ 2,
when we set detA(∅) = 1 conventionally. Let nk ∈ Z>0 be the smallest positive integer that fits
into the formula αk = nk · α1. The relations of G(b1, . . . , br) reads nk = bk−1nk−1 − nk−2. Since
n1 = 1 = A(∅) and n2 = b1 = A(b1), we get nk = A(b1, . . . , bk−1). To prove the remaining identities,
let αk, βk > 0 be the relatively prime integers such that
αk
βk
= [bk, . . . , b1].
Then, βk+1 = αk and αk+1 = bk+1αk − αk−1. It follows that αk = nk+1 = detA(b1, . . . , bk). This
shows m = detA(b1, . . . , br) and q
′ = detA(b1, . . . , br−1), where qq
′ ≡ 1 mod m. Applying the same
argument to [b1, . . . , bk] = γk/δk, one finds q = detA(b2, . . . , br). 
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Our main interest is the cyclic quotient singularities having special forms, namely, when
(m, q) = (dn2, dna− 1) where d, n, a ∈ Z>0 with gcd(n, a) = 1. (3.2)
These are the cyclic quotient singularities which admit Q-Gorenstein smoothing.
Definition 3.4. Let X be a normal surface such that KX is Q-Cartier, and let X/(0 ∈ ∆) be a
deformation ofX . The deformation X/(0 ∈ ∆) is said to beQ-Gorenstein if it is locally equivariant with
respect to the deformation of an index one cover. More precisely, for each singular point P ∈ X , there
exists a neighborhood P ∈ V ⊂ X which satisfies the following: the index one cover Z → V0 := V ∩X
admits a deformation Z/(0 ∈ ∆) to which the action Z → V0 extends and the corresponding quotient
is Z/(0 ∈ ∆)→ V/(0 ∈ ∆).
Let u, v ∈ C2/ 1dn2 (1, dna− 1) be the orbifold coordinates. After the base change x = udn, y = vdn,
z = uv, we get
(0 ∈ (xy = zdn)) ⊂ C3x,y,z
/ 1
n
(1,−1, a)
The index one cover is simply obtained by replacing the ambient space by C3, hence is an Adn−1
singularity. The versal deformation of it is
(0 ∈ (xy = zdn + cdn−2zdn−2 + . . .+ c1z + c0) ⊂ C3x,y,z ×∆dn−1c .
Thus, the equivariant deformation should be given by gathering the zn term and its powers:
X ver := (xy = zdn + td−1z(d−1)n + . . .+ t1zn + t0) ⊂ C3x,y,z
/ 1
n
(1,−1, a)×∆dt (3.3)
The deformation (0 ∈ X ver)/(0 ∈ ∆dt ) is called the versal Q-Gorenstein deformation of 1dn2 (1, dna− 1).
Indeed, every Q-Gorenstein deformation of 1dn2 (1, dna − 1) is a pullback of the versal Q-Gorenstein
deformation.
Let (P ∈ X )/(0 ∈ ∆) be a one parameter Q-Gorenstein smoothing of (P ∈ X) ≃ 1dn2 (1, dna − 1).
Consider a small 3-dimensional complex ball B ⊂ X at P . Then the slice over the general fiber, namely,
Bt := B ∩ Xt for general t ∈ ∆, is called the Milnor fiber of the smoothing. Since the complement of
the Milnor fiber is homeomorphic to X◦ := X \B0, one can construct the underlying topological space
of Xt by a topological surgery illustrated in Figure 3.1. The ball B0 is contractible, as it is the image of
rem
ove
B
0
re
pl
ac
e
by
Bt
X = X◦ ∪
L
B0 X◦, L = ∂X◦ Xt = X◦ ∪
L
Bt
L
Figure 3.1. Topological surgery to construct the general fiber
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a contractible ball along C2 → C2/ 1dn2 (1, dna− 1). Thus, H2(X,B0 ;Z) ≃ H2(X ;Z). Moreover, using
excision principle, we see
H2(Xt,Bt ;Z) ≃ H2(X◦, L ;Z) ≃ H2(X,B0 ;Z).
Consequently, the relative homology sequence of the pair (Xt,Bt) reads
. . .→ H2(Bt;Z)→ H2(Xt;Z) sp−−→ H2(X ;Z) δ−→ H1(Bt;Z)→ . . . (3.4)
For a Q-Gorenstein smoothing of 1dn2 (1, dna− 1), we have H2(Bt) ≃ Zd−1 and H1(Bt) ≃ Z/nZ (see for
instance, [12, Proposition 13]). A cycle α ∈ H2(Xt;Z) specializes to X via the map sp, and a cycle
β ∈ H2(X ;Z) lifts to the general fiber if and only if the image under H2(X ;Z)→ H1(Bt;Z) vanishes.
4. Wahl degeneration and exceptional bundles
Throughout this section, we consider the following situation: X is a projective normal surface with
rational singularities at worst, H1(OX) = H2(OX) = 0, and (P ∈ X) ≃ 1n2 (1, na − 1) for n > a > 0
with gcd(n, a) = 1. The latter one is a particular case among singularities of class T , which is called a
Wahl singularity. Also, we assume that there exists a Q-Gorenstein smoothing X/(0 ∈ ∆). Under these
assumptions, the cycle class map c1 : ClX → H2(X ;Z) is an isomorphism (cf. [11, Proposition 4.11]).
The map δ in (3.4) can be regarded as ClX → H1(Bt;Z). It factors through γ : ClX → H1(L;Z) in
(3.1), followed by the map H1(L;Z) → H1(Bt;Z) induced by the inclusion. Since the latter map can
be identified with Z/n2Z։ Z/nZ, (3.4) implies the following.
A divisor D0 ∈ ClX lifts to Dt ∈ ClXt if and only if γ(D0) is divisible by n. (4.1)
Thanks to Theorem 3.1, γ(D0) can be computed if we know how the exceptional curves of the minimal
resolution (E ⊂ Y )→ (P ∈ X) intersect with the proper transform of D0.
However, the sequence (3.4) is originated from the topological surgery (Figure 3.1), hence a priori
there is no reason for the existence of “geometric” deformation from D0 to Dt. The following theorem
provides a geometric interpretation via exceptional vector bundles.
Theorem 4.1 ([6]). Let X, (P ∈ X) ≃ 1n2 (1, na − 1), X/(0 ∈ ∆) as above. Suppose there exists a
divisor D0 ∈ ClX satisfying
(1) D0 is Cartier except at P ;
(2) for a resolution Y → (P ∈ X) with the chain E1 ∪ . . . ∪ Er of exceptional curves, γ(D0) = α1
where αi is the generator of H1(L;Z) corresponding to Ei.
Then, after the base change (0 ∈ ∆′)→ (0 ∈ ∆), t 7→ ta, there is a reflexive sheaf E over X ′ := X×∆∆′,
locally free except at P , such that
(a) (E0)∨∨ = OX(D0)⊕n;
(b) for general t ∈ ∆, Et is an exceptional vector bundle of rank n;
(c) sp(c1(Et)) = c1(nD0);
(d) if H/(0 ∈ ∆) is a relatively ample divisor in X ′/(0 ∈ ∆′), then Et is slope stable with respect to
H′t.
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This theorem is a key ingredient of this paper. To derived proper variations, we need to introduce
how to construct E . First of all, we may assume that (P ∈ X )/(0 ∈ ∆) is a versal Q-Gorenstein
smoothing of 1n2 (1, na− 1), namely, it is locally isomorphic to
(xy = zn + t) ⊂ C3x,y,z
/ 1
n
(1,−1, a)×∆t.
After the base change, X ′ is the deformation
(xy = zn + ta) ⊂ C3x,y,z
/ 1
n
(1,−1, a)×∆t. (4.2)
Now we consider a weighted blow up as follows. First, embed the ambient space into the affine
toric variety C4x,y,z,t/
1
n (1,−1, a, n). The corresponding fan Σ is the orthant spanned by the rays
R>0 ·e1, . . . ,R>0 ·e4 in the lattice N := Z4+Z · 1n (1,−1, a, n). The weighted blow up is given by adding
the ray R>0 · (1, na− 1, a, n) (and the subsequent subdivision of cones). Since X ′ ⊂ C4/ 1n (1,−1, a, n),
we may consider the proper transform of X ′ along this weighted blow up. Let us denote it by X˜ . The
exceptional divisor of X˜0 → X ′0 is isomorphic to
W := (XY = Zn + T a) ⊂ P(1, na− 1, a, n).
Moreover, the central fiber X˜0 is the union of X˜0 (the proper transform of X), and W where these
components intersect scheme-theoretically along the smooth rational curve C := (T = 0) ⊂ W . On
the other hand, the component X˜0 is a partial resolution of X , having an irreducible exceptional locus
that corresponds to E1 in the resolution (see Figure 4.2). The hypotheses on D0 ensures the existence
of D˜0 ∈ Pic X˜0 with (D˜0.C) = 1 (Remark 4.2). Then in the central fiber X˜0 = X˜0 ∪C W , one may
X
P
X˜0
C
QD˜0
E1
E2
. . .
Er
minimal
resolution
C 7→ {P}
E1 7→ CE2 ∪ . . . ∪ Er 7→ {Q}
Figure 4.2. Construction of X˜0 in terms of X and its minimal resolution
construct an exceptional vector bundle by glueing O(D˜0)⊕n and a certain exceptional vector bundle
GW (called “localized exceptional bundle” in [6, §5]) on W . In particular, the outcome fits into the
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exact sequence
0→ E˜0 → OX˜0(D˜0)⊕n ⊕GW → OC(1)⊕n → 0
Using standard arguments in deformation theory of vector bundles, E˜0 extends to a locally free sheaf
E˜ on X˜ . The sheaf E in the statement is the reflexive hull of the pushforward along X˜ → X ′.
Remark 4.2. Let DY be the proper transform of D0 in the resolution Y → (P ∈ X). By Proposi-
tion 3.2 and γ(D0) = α1, there are integers a1, . . . , ar such that D
′ := DY + a1E1+ . . .+ arEr satisfies
(D′.E1) = 1 and (D
′.E2) = . . . = (D
′.Er) = 0. Now, the divisor D˜0 is the pushforward of D
′ along
Y → X˜0.
More generally, suppose M0 ∈ ClX is a divisor which is Cartier except at P and γ(M0) = kα1.
Then, there exists M˜0 ∈ Pic X˜0 such that (M˜0.C) = k.
On the other hand, the same technique can be applied to construct line bundles.
Lemma 4.3. Let OW (na−1) be the restriction of OP(1,na−1,a,n)(na−1). Then OW (na−1) is invertible.
Proof. Let R be the weighted homogeneous coordinate ring of W :
R = C[X,Y, Z, T ]/(XY − Zn − T a), deg(X,Y, Z, T ) = (1, na− 1, a, n).
Since W is covered by (X 6= 0)∪ (Y 6= 0)∪ (ZT 6= 0), it suffices to show that for each x ∈ {X,Y, ZT },
R(na− 1)(x) =
{ f
xd
: deg f − d deg x = na− 1
}
is a free R(x)-module of rank one. Indeed,
R(na− 1)(X) ≃ R(X) ·Xna−1, R(na− 1)(Y ) ≃ R(Y ) · Y, R(na− 1)(ZT ) ≃ R(ZT ) · (ZpT q)na−1
where p, q are integers with pa+ qn = 1. 
By the intersection theory of weighted projective spaces, one can prove that OW (na−1)
∣∣
C
= OC(n).
Hence, we may glue OX˜0(nD˜0) and OW (na − 1) along OC(n) to obtain a line bundle L˜0 on X˜0. It
extends to a line bundle L˜ on X˜ . This construction can be generalized to the surfaces with several
Wahl singularities.
Proposition 4.4. Let X be a projective normal surface with H1(OX) = H2(OX) = 0. Let M0 ∈ ClX
be a divisor such that
(1) M0 is Cartier except at Wahl singularites (Qi ∈ X) ≃ 1n2
i
(1, na− 1), i = 1, . . . , s;
(2) γQi(M0) ∈ ni ·H1(Li;Z) where Li is the link of (Qi ∈ X) and γQi : ClX → H1(Li;Z) is the map
in (3.1).
Let X/(0 ∈ ∆) be a Q-Gorenstein smoothing of X. Then, after a finite base change (0 ∈ ∆′)→ (0 ∈ ∆),
there exists a reflexive sheaf M of rank 1 over X ′ := X ×∆ ∆′ such that
(a) (M0)∨∨ = OX(M0);
(b) Mt is a line bundle on X ′t ;
(c) sp(c1(Mt)) = c1(M0).
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Proof. We make the base change (0 ∈ ∆′) → (0 ∈ ∆) such that the ramification index is ai locally
at each (Qi ∈ X )/(0 ∈ ∆). Let Φ: X˜ → X ′ be the proper birational morphism that is obtained by
respective weighted blow ups at each (Qi ∈ X ′), and let W1, . . . ,Ws be the corresponding exceptional
divisors. Then, the central fiber has the irreducible decomposition X˜0 = X˜0 ∪W1 ∪ . . .∪Ws where X˜0
is the proper transform of X . Then, by Lemma 4.3, we have the following exact sequence of sheaves
0→ M˜0 → OX˜0(M˜0)⊕OW1(k1(n1a1−1))⊕. . .⊕OWs(ks(nsas−1))→ OC1(k1n1)⊕. . .⊕OCs(ksns)→ 0,
where M˜0 ∈ Pic X˜0 satisfies (M0.Ci) = kini (Remark 4.2), and Ci = X˜0 ∩Wi. It can be shown that
M˜0 is an exceptional line bundle, hence it deforms to M˜ ∈ Pic X˜ whose restriction to the general fiber
is a line bundle. 
Combining Theorem 4.1 and Propositin 4.4, we get the following corollary, which is suitable for our
purpose.
Corollary 4.5. LetX be a normal projective surface with H1(OX) = H2(OX) = 0. Let P,Q1, . . . , Qs ∈
X be Wahl singularities of respective indices (n, a), (n1, a1), . . . , (ns, as), and let L∗ (resp. γ∗) be the
link (resp. the map γ in (3.1)) of ∗ ∈ {P,Q1, . . . , Qs}. Assume there exists a divisor D0 ∈ ClX such
that
(1) D0 is Cartier except at {P,Q1, . . . , Qs};
(2) for a resolution (E1 ∪ . . . ∪Er ⊂ Y )→ (P ∈ X) of the singularity, γP (D0) = α1 where α1 is the
generator corresponding to E1.
(3) γQi(D0) ∈ ni ·H1(LQi ;Z).
Let X/(0 ∈ ∆) be a one parameter Q-Gorenstein smoothing. Then, after a finite base change (0 ∈
∆′) → (0 ∈ ∆), there exists a reflexive sheaf E over X ′ = X ×∆ ∆′, which is locally free over X ′ \
{P,Q1, . . . , Qs}, satisfying the statements (a–d) in Theorem 4.1
Proof. Let W,W1, . . . ,Ws be the exceptional divisors of the weighted blow up over P,Q1, . . . , Qs,
respectively, and let C := X˜0 ∩W , Ci := X˜0 ∩Wi. We may find D˜0 ∈ Pic X˜0 such that (D˜0.C) = 1
and (D˜0.Ci) = kini. Then E˜0 can be obtained by glueing
OX˜0(D˜0)⊕n, GW , OW1(k1(n1a1 − 1))⊕n, . . . , OWs(ks(nsas − 1))⊕n
The remaining part is identical to the corresponding part in the proof of Theorem 4.1 or of Proposi-
tion 4.4. 
Remark 4.6. Assume further that SingX = {P,Q1, . . . , Qs} (that is, no other singularities) in the
above corollary. Then, for any line bundleMt on the general fiber, there exists N ≫ 0 such thatM⊗Nt
extends to a line bundle over the whole family, i.e. there exists L ∈ PicX ′ such that Lt =M⊗Nt . For
instance, let N := n2
∏s
i=1 n
2
i , then for any M0 ∈ ClX , γP (NM0) = 0 and γQi(NM0) = 0 ∀i. In
particular, NM0 ∈ PicX . Proposition 4.4 yields a reflexive sheaf M over X ′ with M0 = OX(NM0).
From the construction, it is obvious that M is locally free.
One important consequence of this observation is the following: the specialization map induces
the isomorphism H2(X ′t ;Q) → H2(X ;Q) preserving the intersection pairing. In §5, we will see that
Q-Gorenstein smoothing of 1dn2 (1, dna− 1) does not have such a property.
ORTHOGONAL EXCEPTIONAL COLLECTIONS FROM Q-GORENSTEIN DEGENERATION OF SURFACES 11
5. Orthogonal collections from degenerations
5.1. Local analysis. Let (P ∈ X) ≃ 1dn2 (1, dna − 1) be a singularity of class T. It corresponds to
the affine toric variety that is defined by the cone σ ⊂ N = Z2 bounded by two rays ρ0 = R>0 · (0, 1)
and ρd = R>0 · (dn2, 1 − dna). Let Σ1 be the fan which is obtained by subdividing the cone σ via
ρ1 = R>0 · (n2, 1 − na). Then the cones σ1 := Conv(ρ0, ρ1) and σ2 := Conv(ρ1, ρd) correspond to
the singularities 1n2 (1, na− 1) and 1(d−1)n2 (1, (d− 1)na− 1), respectively. A subsequent subdivision by
{ρk = R>0 ·(kn2, 1−kna)}k=2,...,d−1 gives the fan Σ whose associated toric variety has d× 1n2 (1, na−1).
The versal Q-Gorenstein deformation X ver/(0 ∈ ∆d) of (P ∈ X) is given in (3.3). After a suitable base
(0,1)
(dn2,1−dna)
(0,1)
(dn2,1−dna)
1
dn2
(1,dna−1)
1
n2
(1,na−1)
1
(d−1)n2
(1,(d−1)na−1)
(n2,1−na)
Figure 5.3. Partial resolution that splits 1dn2 (1, dna − 1) into 1n2 (1, na − 1) and
1
(d−1)n2 (1, (d− 1)na− 1)
change (0 ∈ ∆d)→ (0 ∈ ∆d), one has
X ver ′ = (xy = (zn + t1)(z(d−1)n + t2z(d−2)n + . . .+ td−1zn + td)) ⊂ C3
/ 1
n
(1,−1, a)×∆d.
Blowing up at the ideal (x, zn + t1), one can deduce the following.
Proposition 5.1. Let I = (x, zn + t1) be the ideal sheaf on X ver ′, and let p : Z = BlI X ver ′ → X ver ′ be
the blow up. Then,
(a) for general t ∈ ∆d, Zt ≃ X vert ′;
(b) p is an isomorphism in a neighborhood containing X ver0 ′ \ {P};
(c) Z0 is isomorphic to the toric variety associated to the fan Σ1;
(d) the base space (0 ∈ ∆d) admits the decomposition (0 ∈ ∆) × (0 ∈ ∆d−1) where the first (resp.
second) factor parametrizes the versal Q-Gorensteing deformation of 1n2 (1, na − 1) ∈ Z0 (resp.
1
(d−1)n2 (1, (d− 1)na− 1) ∈ Z0).
This is well-known in literature. We leave a reference [1, §2], instead of giving a full proof.
Corollary 5.2. Let X/(0 ∈ ∆) be a one parameter Q-Gorenstein smoothing of (P ∈ X) ≃ 1dn2 (1, dna−
1). Then after a finite base change (0 ∈ ∆′) → (0 ∈ ∆), there exists a proper birational morphism
p :
(
A ⊂ Z)→ (P ∈ X ′), where X ′ := X ×∆∆′, such that (A ⊂ Z0)→ X is the map TV(Σ)→ TV(σ)
between toric varieties described in the beginning of the section 5.1.
We have d× 1n2 (1, na− 1) in Z0 to which we apply Corollary 4.5 to construct d exceptional vector
bundles on the general fiber. Let P1, . . . , Pd ∈ Z0 be the singular points. They correspond to the
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maximal cones in the fan Σ. Let Y → Z0 be a resolution of P1, . . . , Pd as described in Figure 5.4. The
exceptional locus consists of the curves {Eij : 1 ≤ i ≤ d, 1 ≤ j ≤ r}, where each {Eij : 1 ≤ j ≤ r}
is the chain of rational curves contracted down to Pi. Also, for k = 1, . . . , d − 1, there are proper
transforms A˜k of the curves Ak := Div ρk associated to ρk = R>0 · (kn2, 1 − kna). Let LPi ⊂ Z0 be
E11
E12
...
E1r
E21
E22
...
E2r
Ed−1,1
Ed−1,2
...
Ed−1,r
Ed1
Ed2
...
Edr
· · ·
· · ·
· · ·A˜1 A˜2 A˜d−2 A˜d−1
Figure 5.4. The dual intersection graph of the resolution Y → Z0.
the link of (Pi ∈ Z0). Then H1(LPi ;Z) is generated by the loops αi1, . . . , αir around Ei1, . . . , Eir,
respectively. We consider the product of the maps in (3.1):
γ : ClZ0 →
d⊕
i=1
H1(LPi ;Z). (5.1)
5.2. Application to the global case. This subsection treats the proof of the main theorem:
Theorem 5.3. Let X be a normal projective surface with H1(OX) = H2(OX) = 0, and let (P ∈ X)
be a singular point 1dn2 (1, dna − 1) of class T (or Ad−1 in the case n = a = 1). Assume that there
exists a divisor D ∈ ClX such that for each Q ∈ SingX and γQ : ClX → H1(LQ;Z),
(1) γP (D) generates H1(LP ;Z)/n
2;
(2) γQ(D) ∈ nQ ·H1(LQ;Z) if Q is a Wahl singularity with indices (nQ, aQ);
(3) γQ(D) = 0 otherwise.
Let X/(0 ∈ ∆) be a one parameter Q-Gorenstein smoothing of X. Then, after a finite base change
(0 ∈ ∆′)→ (0 ∈ ∆), there exist reflexive sheaves E1, . . . , Ed over X ′ := X ×∆ ∆′ such that
(a) Ek is a reflexive sheaf of rank n, locally free over X ′ \ SingX ′0;
(b) E∨∨k,0 ≃ OX(mD) for some m > 0 independent of k;
(c) for general t, Ek,t is an exceptional vector bundle of rank n;
(d) 〈 E1,t, . . . , Ed,t 〉 ⊂ Db(X ′t ) is an orthogonal collection.
After a base change X ′ = X ×∆ ∆′, we have a map p : Z → X ′ which extends (A1 ∪ . . . ∪ Ak−1 ⊂
Z0)→ (P ∈ X ′) in Corollary 5.2.
Lemma 5.4. Assume the hypotheses of Theorem 5.3. Let P1, . . . , Pd ∈ Z0 be the Wahl singularities
1
n2 (1, na−1) lying over (P ∈ X), let γ : ClZ0 →
⊕d
i=1H1(LPi ;Z) be as in (5.1), and let D
′ ∈ ClZ0 be
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the proper transform of D. Then, there exist integers m, a1, . . . , ad−1 such that D0 := mD
′+
∑
k akAk
satisfies
γ(D0) = (α11, 0, 0, . . . , 0),
where α11 is the generator corresponding to E11 in Figure 5.4.
Proof. Let Y → Z0 be a resolution as in Figure 5.4, and let βk ∈ H1(LP ;Z) be the generator cor-
responding to A˜k. By Proposition 3.3, β1 = n
2α11 in H1(LP ;Z). Thus, there exists c ∈ Z such
that
γP (mD) = (1 + cn
2)α11 = α11 + cβ1,
where γP : ClX → H1(LP ;Z). Let D′′ ∈ ClY Be the proper transform of D along the composition
Y → Z0 → X . Then, by Proposition 3.2, there are integers {ak}, {eij} such that
D′′0 := mD
′′ +
∑
k
akAk +
∑
i,j
eijEij
satisfies (D′′0 .E11) = 1 and (D
′′
0 .Eij) = 0 for (i, j) 6= (1, 1). The push-forward of D′′0 along Y → Z0 is
the desired D0 in the statement. 
Let Dk := D0 +A1 + . . .+Ak (k < d). Then by Proposition 3.3
γ(Di) =
(
α11 + α1r, . . . , αk1 + αkr , αk+1,1, 0, . . . , 0
)
=
(
na · α1r, . . . , na · αkr , αk+1,1, 0, . . . , 0
)
.
Hence, the hypotheses of Corollary 4.5 are satisfied when one plugs P 7→ Pk+1 and D0 7→ Dk into
the corollary. This yields an reflexive sheaf Fk over Z (after a base change, but we suppress it in our
notation), whose restriction to the general fiber is an exceptional vector bundle Fk,t. We claim that
Ek = (p∗Fk)∨∨ is the desired one in Theorem 5.3. We need to verify
Extp(Fk,t, Fℓ,t) = 0, ∀p, ∀k 6= ℓ, (5.2)
for general t.
Proposition 5.5. χ(Fk,t, Fℓ,t) =
∑
p(−1)p dimExtp(Fk,t, Fℓ,t) = 0.
Proof. Since the major part of the proof involves tedious numerical computations, we give an outline
instead of giving all the details. By Riemann-Roch formula, χ(Fk,t, Fℓ,t) is determined by Chern classes
of F∨k,t⊗Fℓ,t and their intersection products. By Remark 4.6, it suffices to look at their specialization.
We have sp(c1(Fi,t)) = n(D0 +A1 + . . .+Ai−1), hence
sp(c1(F∨k,t ⊗Fℓ,t)) =


n2(Ak + . . .+Aℓ−1) if ℓ > k
−n2(Aℓ + . . .+Ak−1) if ℓ < k.
We remark that the curves A1, . . . , Ad−1 are exceptional curves of Z0 → X , whose intersection prop-
erties are completely determined by the local geometry at (P ∈ X). Using toric geometry, one may
verify
(Ai)
2 = − 2
n2
, (Ai.Ai+1) =
1
n2
, and (KZ0 .Ai) = 0.
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This determines c21 and (KZ0 .c1) of F∨k,t⊗Fℓ,t; indeed, c21 = −2n2, (K.c1) = 0. Riemann-Roch formula
and χ(Fk,t,Fk,t) = 1 implies
c2(Fk,t) = n− 1
2n
(c21(Fk,t) + n2 + 1). (see [6, Lemma 5.3])
By the splitting principle, c2(F∨k,t ⊗ Fℓ,t) can be expressed in terms of the Chern classes of Fk,t and
Fℓ,t. More specifically, for any vector bundles E and G of ranks e, g respectively,
c2(E ⊗ G) = g(g − 1)
2
c21(E) + (eg − 1) c1(E). c1(G) +
e(e− 1)
2
c21(G) + g c2(E) + e c2(G).
In particular, we get c2(F∨k,t ⊗Fℓ,t) = 0. Riemann-Roch formula reads
χ(Fk,t,Fℓ,t) = n2χ(OX ′t ) +
1
2
(c21 − (K.c1))− c2 = 0. 
It remains to prove (5.2) for p = 0, 2. To prove the case p = 0, we need to take stability conditions
into account.
Proposition 5.6. Let H/(0 ∈ ∆) be a flat family of ample divisors in X ′/(0 ∈ ∆′). For sufficiently
large m > 0 and t 6= 0, Fk,t is slope stable with respect to At := KX ′t + (nm)Ht.
Proof. If d = 1, namely, (P ∈ X) ≃ 1n2 (1, na − 1), then F1,t is slope stable with respect to Ht ([6,
Proposition 4.4]). For d > 1, let H′ be the pullback of H along p : Z → X ′. Then, H′ is relatively nef
over (0 ∈ ∆′). Since Nef(Z/(0 ∈ ∆′)) = Ample(Z/(0 ∈ ∆′)), we may consider a sequence {H′i}i∈Z>0
of ample Q-Cartier divisors which converges to H′. Using [6, Proposition 4.4], we see that Fk,t is slope
stable with respect to H′i for t 6= 0. Hence, Fk,t is slope stable with respect to all H′i. For any proper
quotient Fk,t ։ Q, the stability conditions says µH′
i,t
(Fk,t) < µH′
i,t
(Q). Taking limit i → ∞ in both
sides, we get µH′t(Fk,t) ≤ µH′t(Q), showing that Fk,t is slope semistable with respect to H′t = Ht. This
shows that Fk,t is semistable with respect to Ht for t 6= 0.
Let A = KX ′ + (nm)H for sufficiently large m, so that A0 is ample in X = X ′0. The previous
argument can be applied to A, thus Fk,t is slope semistable with respect to At. To prove the stability,
it suffices to prove that (c1(Fk,t) . At) is relatively prime to n. By Remark 4.6, we may compute the
intersection in the central fiber via the specialization map. Since c1(Fk,t) 7 sp−→ n(D0+A1+ . . .+Ak−1),
(At . c1(Fk,t)) = (KZ0 + nmH′0 . nD0). Here, (H′0 . nD0) = (Ht . c1(Fk,t)) ∈ Z, so
(At . c1(Fk,t)) = (KZ0 . nD0) (mod n)
Let I ∈ Z/nZ be the intersection number (KZ0 . nD0) modulo n. Then, I purely depends on the
local geometry of (A1 ∪ . . . ∪ Ak−1 ⊂ Z0) → (P ∈ X), hence we may identify Z0 with the toric
variety associated to the fan Σ consisting of the rays {ρk := R>0 · (kn2, 1 − kna) : k = 0, 1, . . . , d}
and the cones σk := Cone(ρk−1, ρk). In this setup, Ak (k = 1, . . . , d − 1) are the divisors associated
to the rays ρk. Let A0 ⊂ (A1 ∪ . . . ∪ Ak−1 ⊂ Z0) be the local curve associated to the ray ρ0. Then,
γ(D0) = (α11, 0, . . . , 0) = γ(A0), thus D0−A0 is Cartier. This shows that (D0−A0 .KZ0) ∈ Z. Hence,
I = (nA0 . KZ0) = −a (mod n) (see [6, p.1192]). Since (At . c1(Fk,t)) = I (mod n), (At . c1(Fk,t)) is
relatively prime to n. 
During the proof, we have shown that (At . c1(Fk,t)) = (KZ0 + nmH′0 . nD0) is independent of k.
This implies:
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Corollary 5.7. For k 6= ℓ, Hom(Fk,t, Fℓ,t) = 0.
Proposition 5.8. For k 6= ℓ, Ext2(Fk,t, Fℓ,t) = 0.
Proof. By Serre duality, it suffices to prove that H0(Fk,t ⊗F∨ℓ,t⊗ωX ′t ) = 0. Let G be the reflexive hull
of p∗
(Fk ⊗ F∨ℓ ⊗ ωZ/∆) (recall: p : Z → X ′ is the morphism defined in Corollary 5.2). For general t,
Gt = Fk,t ⊗ F∨ℓ,t ⊗ ωX ′t (cf. [3, Theorem 3.6.1]), hence our claim is H0(Gt) = 0. We divide the proof
into several steps.
Step 1. We first claim that H0(G0) = 0. Let p0 : Z0 → X be the morphism between central fibers.
By Proposition 5.1(b), p0 induces the isomorphism Z0 \ (A1 ∪ . . . Ak−1) ∼−→ X \ {P}. Let us denote
X \ {P} by X◦. By the construction of Fk, we have (p0∗Fk,0)∨∨ = OX(p0∗D0)⊕n for all k = 1, . . . , d.
Hence,
G
∣∣
X◦
≃ (OX(p0∗D0))⊕n ⊗OX(−p0∗D0))⊕n)∨∨∣∣X◦ ⊗ ωX◦
≃ ω⊕n2X◦ .
Since G is reflexive, it satisfies the condision S2 of Serre, hence G0 satisfies the conditions S1 (torsion-
freeness). Thus, G0 →֒ (G0)∨∨ = ω⊕n
2
X , and h
0(G0) ≤ n2 h0(ωX) = 0.
Step 2. It is natural to expect that H0(G0) = 0 implies H0(Gt) = 0. However, G is not flat over
∆′, so it does not automatically follows from the semicontinuity. Let ϕ : X ′ → ∆′ be the deformation
morphism. Then we may define an upper-semicontinuous function
h : ∆′ → Z>0, t 7→ dimC ϕ∗G ⊗ Ot. (5.3)
The derived projection formula reads
Rϕ∗G
L⊗Ot ≃ Rϕ∗
(G L⊗OX ′t
)
.
Note that ϕ is flat, so we do not need to derived ϕ∗Ot = OX ′t . The object G
L⊗OX ′t is isomorphic to the
two term complex G ⊗ OZ(−X ′t ) → G. Let z ∈ O∆′ be a function that vanishes only at t with order
1. Then, the map G ⊗ OZ(−X ′t ) → G is given by the multiplication by s := ϕ∗(z), hence its kernel
consists of the sections whose supports are contained in (s = 0) = X ′t . Since G is torsion-free, there are
no such sections. This proves that G L⊗Ot ≃ Gt. Thus,
Rϕ∗G
L⊗Ot ≃ Rϕ∗Gt. (5.4)
Step 3. For a complex (E•, dp : Ep → Ep+1), let us denote the pth cohomology sheaf by Hp(E•) =
kerdp/ imagedp−1. The H0 in the right hand side of (5.4) is H0(Gt) ⊗ Ot, hence it suffices to prove
H0(Rϕ∗G
L⊗Ot) = 0. We use the spectral sequence for the Tor sheaves Tor−p(A•,B•) = Hp(A•
L⊗B•):
Ep,q2 := Tor−p(Rqϕ∗G, Ot)⇒ Hp+q := Tor−p−q(Rϕ∗G, Ot). ([9, §3.3])
Since Ot admits a locally free resolution O∆′(−t)→ O∆′ , Ep,q2 = 0 unless p ∈ {0,−1}. Consequently,
FpHn/Fp+1Hn ≃ Ep,n−p∞ = Ep,n−p2 .
The filtration structure induces the short exact sequence
0→ E−1,12 → H0 → E0,02 → 0,
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which can be regarded as an exact sequence of vector spaces overC({t}) ≃ C. Hence,H0 ≃ E0,02 ⊕E−1,12 .
We see that E0,02 = H0(ϕ∗G
L⊗ Ot) = ϕ∗G ⊗ Ot, and E−1,12 = Tor 1(R1ϕ∗G,Ot). The last one can be
identified with T ⊗Ot, where T is the torsion subsheaf ofR1ϕ∗G. Consequently, we get an isomoprhism
H0 ≃ E0,02 ⊕ E−1,12 ≃ (ϕ∗G ⊕ T )⊗Ot.
The arguments in Step 2 are also valid for t = 0, so (5.4) holds for t = 0. Looking at H0 of both sides,
we get ϕ∗G⊗O0 ≃ H0(G0)⊗O0, and it vanishes by Step 1. By semicontinuity of (5.3), ϕ∗G⊗Ot = 0 for
general t. Since T is torsion sheaf, T ⊗Ot = 0 for general t. It follows that H0 = H0(Rϕ∗G
L⊗Ot) = 0
for general t. 
5.3. Example. Based on the arguments in [7, §2.5.1], we demonstrate the relation between three
block collections and Q-Gorenstein degenerations of del Pezzo surfaces. For simplicity, we present a
particular toric surface as an explicit example, however, the argument can be generalized to every
other toric surfaces listed in [8, Theorem 4.1]. Let X be the complete toric surface whose fan is
ρ1
ρ2
ρ4
ρ3
ρ5 ρ6 ρ7 ρ8 ρ9
Figure 5.5. Toric fan of X (solid lines) and Z0 (solid and dashed lines)
spanned by three rays, ρ1 = (49,−9), ρ2 = (−5, 1), and ρ4 = (−5,−9). These are the solid line in
Figure 5.5. According to [8], X is the fake weighted projective plane corresponding to the solution
(r1, r2, r3) = (2, 5, 9) of the Markov type equation
r21 + 2r
2
2 + 6r
2
3 = 6r1r2r3.
A one-parameter Q-Gorenstein smoothing X/(0 ∈ ∆) has the general fiber S := Xt a del Pezzo surface
of degree 3. Since H2(TX) = 0 ([8, Proposition 3.1]), there exists a base change X ′/(0 ∈ ∆′) such that
Corollary 5.2 can be applied simultaneously to all the singular points of X . So, there is a birational
morphism Z/(0 ∈ ∆′) → X ′/(0 ∈ ∆′) such that Z0 is the fan in Figure 5.5, and Zt ≃ X ′t for general
t. Let Pi be the torus fixed point corresponding to the cone R≥0 · ρi + R≥0 · ρi+1 (regarding ρ10
as ρ1). Then, (P1 ∈ Z0) ≃ 122 (1, 1), (P2, P3 ∈ Z0) ≃ 152 (1, 4), and (P4, . . . , P9 ∈ Z0) ≃ 192 (1, 17).
Since gcd(2, 9) = 1, we may choose an integer c such that c · Div ρ1 satisfies the conditions (1–3) of
Theorem 5.3. For instance, D1 := 9
2 ·Div ρ1 satisfies the conditions (1) with respect to P1, and (3) with
respect to other Pk’s. This produces an exceptional vector bundle E1,t of rank 2 on S. For k = 2, . . . , 9,
let
Dk = Dk−1 +Div ρk.
It can be shown that Di satisfies the condition (1) with respect to Pk, (2) with respect to P1, . . . , Pk−1,
and (3) with respect to the remaining Pk’s. This yields an exceptional vector bundle Ek,t over S. Let
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Or(α) be an exceptional vector bundle on S of rank r and c1 = α (indeed, exceptional vector bundles
on S are determined by r and c1 [4, Corollary 2.5]). After a suitable choice of L ∈ PicS, one finds that
these bundles form a three block collection
Db(S) = 〈 E1,t ⊗O(L), . . . , E9,t ⊗O(L) 〉
= 〈O2(2K + ℓ), O5(2ℓ), O5(K + 3ℓ), O9(K + 5ℓ− e1), . . . , O9(K + 5ℓ− e6) 〉
corresponding to the solution (r1, r2, r3) = (2, 5, 9) to the Markov type equation. Here, e1, . . . , e6 ⊂ S
is a disjoint set of (−1)-curves and ℓ ⊂ S is the pullback of a general line along the contraction S → P2
of e1, . . . , e6.
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